The effect of vertical throughfow and temperature modulation on a viscoelastic fluid saturated porous medium has been investigated. The amplitudes of temperature modulation at the lower and upper surfaces are considered to be very small and the disturbances are expanded in terms of power series of amplitude of convection. A weak nonlinear stability analysis has been performed for the oscillatory mode of convection, and heat transport in terms of the Nusselt number, which is governed by the non autonomous complex GinzburgLandau equation, is calculated. The effect of vertical through flow is found to stabilize the system irrespective of the direction of through flow in the case of permeable boundary conditions. The time relaxation has a destabilizing effect, while the time retardation parameter has a stabilizing effect on the system. The effects of amplitude and frequency of modulation on heat transport have been analyzed and depicted graphically. The study shows that the heat transport can be controlled effectively by a mechanism that is external to the system. Further, it is also found that heat transfer is more in oscillatory mode of convection rather than in stationary mode of convection.
Introduction
The problem of convective instability of a horizontal fluid saturated porous layer has been investigated extensively, and is well documented by Ingham and Pop [1] , Nield and Bejan [2] , Vafai [3, 4] . The concept of regulating convective instabilities is an important topic in thermal and engineering sciences. Such a regulation like thermal, gravitational, rotational and magnetic field modulations etc., can be used in order to alter or regulate convection. As pointed out by Davis [5] , the dynamic of stabilization and destabilization may lead to dramatic changes of behavior depending on the proper tuning of the amplitude and frequency of the modulation. If an imposed modulation can destabilize an otherwise stable state, then there can be a major enhancement of heat/mass/momentum transport. If an imposed modulation can stabilize an otherwise unstable state, then higher frequencies can be attained in various processing techniques. One of the effective mechanisms that is considered in this paper is a time periodic heating of wall temperature (thermal modulation) at the boundaries. The related problems are investigated by Venizian [6] , Caltagirone [7] , Chhuon and Cal-tagirone [8] , Rudraiah et al. [9, 10] , Rudraiah and Malashetty [11] , Malashetty and Wadi [12] , Bhatia and Bhadauria [13, 14] , Bhadauria and Bhatia [15] , Bhadauria [16] [17] [18] [19] [20] , Bhadauria [21, 22] , Bhadauria and Sherani [23, 24] , Bhadauria and Suthar [25] , Bhadauria and Srivastava [26] , Bhadauria et al. [27] , and Bhadauria and Kiran [28, 29, 30] for various physical models and boundary conditions.
The flow of viscoelastic fluid is of considerable importance in various areas in science, engineering and technology, such as material processing, petroleum, chemical and nuclear industries, carbon dioxide geologic sequestration, bioengineering, reservoir engineering, biorheology, geophysics, chemical and petroleum industries. Viscoelastic fluids exhibit unique patterns of instabilities such as the overstability that is not predicted or observed in Newtonian flow. Rudraiah et al. [31, 11] studied the stability of viscoelastic fluid saturated porous layer using Darcy and Brinkman models. It is found that the effect of elasticity of the fluid is to destabilize the system and that of porosity is to stabilize the same. A theoretical analysis of thermal instability in a horizontal porous layer saturated with a viscoelastic liquid is conducted by Kim et al. [32] . It is found that the overstability is a preferred mode for a certain parameter range. They further reported on the basis of the nonlinear theory that convection has the form of a supercritical and stable bifurcation independent of the values of the elastic parameters. Later on many studies have come up on thermal convection in viscoelastic fluids. Some of them are Yoon et al. [33] , Malashetty et al. [34] , Bertola and Cafaro [35] , Sheu et al. [36, 37] , Wang and Tan [38] and Malashetty et al. [39] , Kumar and Bhadauria [40, 41] .
However, several geophysical and technological applications involve non-isothermal flow of fluids through porous media, called through flow. Such a flow alters the basic temperature profile from linear to nonlinear with layer height, which in turn affects the stability of the system significantly. The effect of through flow on the onset of convection in a horizontal porous layer has been studied by Wooding [42] , Sutton [43] , Homsy and Sherwood [44] , Jones and Persichetti [45] . Nield [46] . Shivakumara [47] showed that a small amount of through flow can have a destabilizing effect if the boundaries are of different types and a physical explanation for the same was given. Khalili and Shivakumara [48] investigated the effect of through flow and internal heat generation on the onset of convection in a porous medium. They showed that through flow destabilizes the system, even if the boundaries are of the same type; a result which is not true in the absence of an internal heat source. The non-Darcian effects on convective instability in a porous medium with through flow were investigated in order to account for inertia and boundary effects by Shivakumara [49] , Shivakumara and Khalili [50] , Khalili and Shivakumara [51] . Later on many researchers have investigated through flow effects considering different physical models, some of them are; Shivakumara and Nanjundappa [52] , Shivakumara and Sureshkumar [53] , Brevdo [54] , Barletta et al. [55] , Nield and Kuznetsov (2011), Reza and Gupta [56] and Nield and Kuznetsov (2013) .
The purpose of the present work is to study the oscillatory mode of convection in a horizontal porous layer saturated by a viscoelastic fluid using complex non autonomous Ginzburg-Landau equation (57) (58) ) under vertical through flow and temperature modulation effects. Since the stationary case of the problem is just as Benard-Darcy convection in a Newtonian fluid saturated porous medium, so we intend to study oscillatory mode of convection by considering a weak nonlinear analysis and investigated heat transfer across the porous medium. To the best of authors' knowledge to date no study on oscillatory convection under temperature modulation with vertical through flow is available in the literature.
Mathematical formulation
We consider an infinitely extended horizontal fluid saturated porous layer of depth 'd' as given in Fig.1 . The porous layer is homogeneous and isotropic, and saturated with a viscoelastic fluid. The porous medium is heated slowly from below. Using modified Darcy's model (Alishaev [59] and Bhadauria and Kiran [29] ) and employing the Boussinesq approximation for this system, the governing equations of flow are given by .
where the physical variables have their usual meaning as given in the nomenclature. The externally imposed thermal boundary conditions are considered as Venezian [6] cos( ) , at 
The solution of Eq.(2.11) subject to the thermal boundary conditions Eq.(2.5), is given by
here f(z) is a steady part and f 1 (z; t) is a oscillatory part of the basic state temperature, and will be defined later. Since the basic state is unsteady [f 1 (z, t)] and it is periodic, the repeating sequence of basic state acceleration followed by basic-state deceleration leads to ambiguities in interpretation. This basic periodic state is unstable (Rosenblat [60] ) if there exists a disturbance that experiences net growth over each modulation cycle. The basic state is called transiently or monotonically stable as it is subject to a disturbance that delays or grows during part of the cycle, possibly attains an appreciable amplitude. The aggregate of many disturbances may lead (Finucane and Kelly [61] ) to a flow that is continuously different from the basic state. Hence a single disturbance ultimately may decay or grow then quantities like heat/mass/momentum transport could differ measurably from those of the basic state. So the temperature modulation problem plays a critical role in the thermal instability problem. The finite amplitude perturbations on the basic state are superposed in the following form , , ,
We introduce the Eq.(2.14) and the basic temperatures field in Eqs (2.1)-(2.4), and then use the
The equations are then nondimensionalized using the physical variable; * , a n d
. The resulting non-dimensionalized system of equations can be expressed as (dropping the asterisk)
The non-dimensionalized parameters in the above equations are:
is Péclet number and Ra = 
We write the nonlinear system of equations Eqs (2.15)-(2.16) in the matrix form as given below
The above system will be solved by considering stress free and isothermal boundary conditions as given bellow and on ,
Amplitude equation for oscillatory convection
Introduce a small perturbation parameter χ that shows deviation from the critical state of onset of convection, the variables for a weak nonlinear state may be expanded as power series of χ as 
where oc R is the critical value of the Darcy-Rayleigh number at which the onset of convection takes place in the absence of temperature modulation. In order to allow for anticipated frequency shift along the bifurcation solution, we introduce the fast time scale of time τ and the slow time scale of s. Therefore, the scaling of time variable is such that
In the first order problem, the nonlinear term in the energy equation will vanish. Therefore, the first order problem reduces to the linear stability problem for over stability.
At the lowest order
At first order we consider the following system in which the nonlinearity skipping
The solution of the lowest order system subject to the boundary conditions, Eq.(2.19), is assumed to be of the form
The undetermined amplitudes are functions of the slow time scale, and are related by the following relation
where c = a 2 + π 2 . The thermal Darcy-Rayleigh number for the stationary mode of convection can be given as
In the absence of through flow (Pe=0) we get the classical results of Horton and Rogers [62] and Lapwood [63] . We find the Darcy-Rayleigh number for oscillatory convection as given bellow 
The critical value of the wave number is defined while minimizing Ra with respect to the critical wave number. The critical value of the corresponding wave number does not depend on (λ, ε) in the stationary mode, but in the oscillatory mode. Also, we see that the overstability can occur for a particular wave number only if the following inequality holds
The dimensionless frequency of the neutral oscillatory mode is
In the second order
In this state, we consider the nonlinear terms in the equations ( , ) ( , )
From the above relation, we can deduce that the velocity and temperature fields have the terms having frequency 2ω and independent of the past time scale. Thus, we write the second order temperature term as follows where T 22 and T 20 are temperature fields which have the terms having frequency 2ω and independent of the fast time scale, respectively. The solutions of the second order problem are 
It is clear that the thermal modulation is effective at third order and affects Nu(s) through A 1 (s) which is evaluated at third order. We have also calculated the mean value of the Nusselt number ( Nu ) for understanding better the effect of temperature modulation on heat transport. A representative time interval that allows a clear comprehension of the modulation effect needs to be chosen. The interval (0, 2π) seemed an appropriate interval to calculate Nu . The time-averaged Nusselt number Nu is defined as Nu Nu The amplitude A 1 (s) is obtained numerically and hence Nu is also to be numerically evaluated. An interesting observation that can be made in I 1 , which determines whether the modulation amplifies or diminishes the amplitude of convection. A discussion of the results now follows and conclusions are made.
At the third order
At this stage, we have the following relations
The expressions of R 31 and R 32 are given in appendix A1. Now under the solvability condition for the existence of third order solution, we arrive at the following complex Ginzburg Landau equation which describes the temporal variation of the amplitude A 1 (s) of the convection cell ( ) 
Results and discussions
In this paper, we study the combined effect of temperature modulation and vertical through-flow on the Bénard-Darcy oscillatory convection in a viscoelastic fluid saturated porous medium. A weakly nonlinear stability analysis has been performed to investigate the effect of temperature modulation and vertical throughflow on heat transport. The effect of temperature modulation on the Bénard-Darcy system has been assumed to be of order O(χ 2 ). This means we consider only small amplitude temperature modulation. Such an assumption will help us in obtaining the amplitude equation of convection in a simple manner and it is much easier to obtain it than in the case of the Lorenz model. The purpose of the weak nonlinear theory is to study heat transfer. External regulation of convection is important in the study of convection in porous media. The objective of this article is to consider such, temperature modulations and vertical throughflows for either enhancing or inhibiting the convective heat transfer as is required by a real application. The problem is of interest because of the possibility of controlling the convective instability by adjustment of the transverse throughflow.
Since the porous medium is assumed to be closely packed, the Darcy-model is considered in the governing equation. In order to illustrate the effects of relaxational parameters, λ, ε, the Péclet number Pe, the frequency Ω and the amplitude δ of modulation on heat transport, we plot the curves of the Nusselt number against time. It is observed that Eq.(3.9) leads to an interesting result; i.e., for a horizontal porous layer heated underneath; the oscillatory type of instability is possible only when the relaxation parameter λ is greater than the retardation parameter ε. The values of δ are considered very small, between 0 and 0.1, since we are studying the effect of small amplitude modulation on the heat transport. Also, since the effect of low frequencies is maximum on the onset of convection as well as on the heat transport, therefore the modulation of temperature is assumed to be of low frequency. A small amount of throughflow in a particular direction either to destabilizes or stabilize the system, considering free or permeable boundaries, hence the values of Pe are taken around one. The numerical results for Nu obtained from the expression in Eq. In Figs 2a-c it is observed that, the direction of throughflow (Pe) does not change the critical Rayleigh number and an increase in the throughflow strength makes the system more stable . This may be due to the fact that throughflow confines significant thermal gradients to a thermal boundary layer at the boundary towards which throughflow is directed. The effective length scale is thus smaller than the porous layer thickness d. Hence, the Rayleigh number will be much smaller than the actual value of the critical Rayleigh number. Therefore, higher values of the Rayleigh number are needed for the onset of oscillatory convection as the throughflow strength increases. Gershuni and Zhukhovitskii (1976) wrote that the stabilizing effect may be explained as follows. With an increasing throughflow velocity a temperature boundary layer forms at one of the boundaries. This decreases the effective thickness of the stratified layer of the fluid. On the other hand, the characteristic temperature difference across the porous medium remains fixed. The result was obtained by Khalili and Shivakumar [51] in the case of free-free boundaries. These results are comparable with the results which were obtained by Jones and Persichetti [45] , Nield [46] and Shivakumara [49] for porous and fluid layers.
According to Shivakumara and Sureshkumar [53] this effect may be due to the distortion of the steady-state basic temperature distribution from linear to nonlinear by throughflow. A measure of this is given by the basic state temperature and this can be interpreted as a rate of energy transfer into the disturbance by interaction of the perturbation convective motion with the basic temperature gradient. The maximum temperature occurs at a place where the perturbed vertical velocity is high and this leads to an increase in energy supply for destabilization. Figures 2a and 2d , show the effect of the time relaxation parameter λ on the oscillatory critical Rayleigh number for a fixed value of other governing parameters.
The critical Rayleigh number for the onset of oscillatory convection decreases with increasing the value of λ, indicating that the effect of increasing λ is to advance the onset of oscillatory convection. An opposite effect can be seen in the case of the time retardation parameter ε, given in Figs 2b and 2e. Thus, an increase in the value of λ and decrease in the value of ε is to decrease the critical oscillatory Rayleigh number and hence their effect is to promote instability. This may be due to the fact that the relaxation time reduces the shear rate (i.e., increases the elasticity of a viscoelastic fluid) thus causing instability. These results conform to the results obtained by Bhadauria and Kiran [29] [30] [57] [58] . Fig.3a and Fig.3b we note that the direction of throughflow alters the Nusselt number Nu. That is, only upward flow (Pe>0) clearly enhances the heat transfer while downward flow (Pe<0) has reverse effect of diminishing heat transfer of the system. Moreover, the downward flow is more stabilizing as compared to the upward flow. These results are similar to those observed in the case of Newtonian fluids (stationary mode (ω = 0)) given in Fig.3c . The destabilization may be due to the distortion of the steady-state basic temperature distribution from linear to nonlinear by the throughflow.
A measure of this is given by the term b dT dz and can be interpreted as a rate of transfer of energy into the disturbance by interaction. From Figs 3d and 3e it is found that the effect of increasing the value of relaxation parameter λ is to increase the heat transfer and for retardation parameter is to decrease the heat transfer. These are the common results for most of the viscoelastic fluids obeys, and compatible with the results of Kim et al. [32] , Rajib and Layek (2012) and Bhadauria and Kiran [29] [30] [57] [58] . Further, the amplitude δ and the frequency of modulation Ω both have negligible effects on heat transport in this case therefore, for simplicity we have excluded the figure conforms the results of Bhadauria and Kiran [28, [29] [30] [57] [58] . This IPM case is considered as unmodulated system where stability problem (Davis [5] ) admits no time periodic disturbances so that tuning frequency and varying amplitude is not apparent. These results for viscoelastic fluids are the same as unmodulated system obtained by Malashetty and Swamy [39] , Kumar and Bhadauria [40] [41] , Rajib and Layek [64] and Reza and Gupta [56] . In Figs 4a-f, we have depicted the variation of Nu with slow time scale s for out of phase modulations. It is found that Nu starts with one, increases with increasing time s and then becomes oscillatory. From these figures one can observe that the oscillatory nature of the graphs due to frequency Ω of modulation only but not of oscillatory frequency ω. Finally these frequencies never interact each other and they are entirely different each other. We observe from the Figs 4a-d that the effect of Pe, λ, ε on heat transport is found to be similar to those of IPM. Further, we found in Fig.4e that the effect of amplitude of modulation is to increase the magnitude of Nu, thus increasing the heat transport, and thus advancing the convection. Also, from Fig.4f , we observe that increasing in frequency of modulation Ω decreases the magnitude of Nu, and so the effect of frequency of modulation is to diminish the heat transport. At high frequency the effect of temperature modulation on thermal instability disappears altogether. This modulation result agrees quite well with the linear theory results Venezian [6] and Finucane and Kelly [61] , where the correction in the critical value of Rayleigh number due to temperature modulation becomes almost zero at high frequencies. Similar results can be seen in Bhadauria and Kiran [28, [29] [30] [57] [58] for viscoelastic fluid or porous layers in the absence of throughflow. Here, we are not presenting the results for the case of Lower boundary modulation; as we found that the effect of each parameter on the heat transport is qualitatively similar to those obtain in OPM case. However, the magnitude of Nu in this case is less than that in the case of OPM, thus in Fig.5 , a comparison of results of in phase modulation, out of phase modulation and when only lower boundary temperature is modulated, is presented. It is found that OPM and LBMO (modulated system) enhances heat transfer rather than the IPM case (unmodulated system). It is also observed that in Fig.5 lower boundary modulation is just as gravity modulation. Figure 6 , shows that the oscillatory mode of convection advances the onset of convection, and hence heat transfer rather than stationary mode of convection. Hence oscillatory mode of convection sets in before stationary mode of convection conforms the results of Bhadauria and Kiran [28, [29] [30] [57] [58] . For better understanding of temperature modulation Figs 7 and 8 drawn while considering phase angle θ according to Siddheshwar et al. [65] and Bhadauria and Kiran [29] [30] the effect of modulation on mean Nusselt number Nu depends on both the phase difference θ and frequency Ω of thermal modulation than only on the choice of the small amplitude modulation. From the Figs 7 and 8 it is shown that for a given value of Ω there is a range of θ in which Nu increases with increasing θ and another range in which Nu decreases. Thus, it is concluded that, the suitable combination of choices of Ω and θ can be made depending on the demands on heat transport applications. Hence heat transfer can be regulated (enhanced or reduced) with the external temperature modulation effectively. These are the results compatible with the results of Malashetty et al. [66] . We also can observe our results in Figs 7-8 are the results which are similar to Siddheshwar et al. [65] for the Newtonian fluid case Bhadauria and Kiran [29] [30] for non-Newtonisn fluids. It is clear that for temperature modulation the boundary temperatures should not be in in-phase modulation (synchronized), where the effect of modulation is negligible on heat transport. 
Appendix A1
The coefficients given in Eq. 
